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1. Introduction 

When a measurable space with a cr-finite measure v is equipped on L 2 (u) with a local 
Dirichlet form with carre du champ 7, the associated Poisson space, i.e. the probability 
space of a random Poisson measure with intensity v, may itself be endowed with a local 
Dirichlet structure with carre du champ T (cf. [16], [17]). If a gradient b has been chosen 
associated with the operator 7, a gradient f) associated with T may be constructed on the 
Poisson space (cf [1], [10], [14], [2]) and we have shown [2], [3], that such a gradient is provided 
by the lent particle formula which amounts to add a point to the configuration, to derive 
with respect to this point, and then to take back the point before integrating with respect 
to a random Poisson measure variant of the initial one. 

On the example of a Levy process, in order to find the gradient of the functional V = 
Jq (p(Y u _)dY u , this method consists in adding a jump to the process Y at time s and then 
deriving with respect to the size of this jump. 

If we think the Brownian motion as a Levy process, this addresses naturally the question 
of knowing whether to obtain the Malliavin derivative of a Wiener functional we could add 
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a jump to the Brownian path and derive with respect to the size of the jump, in other 
words whether we have, denoting D S F the Malliavin derivative of F 

D S F = lim -(F(lo + ol { . > s} ) - F(co)). (1) 

Formula (1) is satisfied in the case F = &(Jq h\dB, ■ ■ ■ , Jq h n dB) with <I> regular and hi 
continuous. But this formula has no sense in general, since the mapping 1 1— > lu j> s | does 
not belong to the Cameron-Martin space. 

We tackle this question by means of the chaotic extension of a Wiener functional to 
a normal martingale weighted combination of a Brownian motion and a Poisson process, 
and we show that the gradient and its domain are characterized in terms of derivative of 
a second order stationary process. 

We show that a formula similar to (1) is valid and yields the gradient if F belongs to 
the domain of the Ornstein-Uhlenbeck Dirichlet form, but whose meaning and justification 
involve chaotic decompositions. This gives rise to a concrete calculus allowing C 1 changes 
of variables. 

Let us also mention the works of B. Dupire ([8]), R. Cont and D.A. Fournie ([5]) which 
use an idea somewhat similar but in a completely different mathematical approach and 
context. 

2. The second order stationary process of rotations of normal martingales. 

Let B be a standard one-dimensional Brownian motion defined on the Wiener space £l\ 
under the Wiener measure Pi. 

In this section, we consider N a standard compensated Poisson process independent of B. 

We denote by P2 the law of the Poisson process iV and P = Pi x P2. 

Let us point out that in the next sections, we shall replace N by any normal martingale. 

2.1. The chaotic extension 

For real 6, let us consider the normal martingale 

X? = B t cos + NsznO. 

If f n is a symmetric function of L 2 (P n ,A n ), we denote I n (f n ) the Brownian multiple 
stochastic integral and I®(f n ) the multiple stochastic integral with respect to X e . We have 
classically cf [6] 

Pn(/n) Hl2(Pi) = Pn(/rc)llz,2(p) = n\ \\f n Hl2(A„) • 

It follows that if F G L 2 (Pi) has the expansion on the Wiener chaos 

00 

F = Y,Ufn) 

n=0 

the same sequence f n defines a chaotic extension of F : F e = J^nLo ^n(fn)- 
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Remark 1. Let us emphasize that the chaotic extension F \— > F is not compatible with 
composition of applications : <E> o ty s ^ ($ o 'I') 6 ' except obvious cases as seen by taking 
<J>(x) = x 2 , ^ = ii(/) and # = 7r/2. Thus it is important that the sequence (/ n ) n appears 
in the notation : we will use the "short notation" of [6]. 

We denote V (resp. V(t)) the set of finite subsets of ]0, oo[ (resp. ]0, t)). We write A = 
{si < ■ ■ ■ < s n } for the current element of V and dA for the measure whose restriction to 
each simplex is the Lebesgue measure, cf [6] p201 et seq. 

If F £ L 2 (Pi) expans in F = E^=o 7 "(/") we den °te / G ^ 2 (^) the sequence / = 
(n!/ n ) nS N and 

I 9 (f) = J v f(A)dX 9 A 

= W) + En>0 J Sl <...< Sn ■ • • , Sn)dX° n ■ ■ ■ dXl. 

Thus we have /(0) = E[F], F = J°(/) and /V 2 (/) = / p /(A)d#4 = E„ ^n /2 (/n). 

In all the paper we confond the stochastic integrals f H s _dX 9 and f H s dX 9 thanks to 
the fact that X 9 is normal. 

Proposition 1. Let be f and g € L 2 (V), and h = f + ig G L^.(V). The random variable 
H 9 = J r ph{A)dX 9 A defines a second order stationary process continuous in L^(P). 

Proof. Let us denote similarly F e = f v f(A)dX A and G 9 = j v g(A)dX 9 A . It is enough to 
show that F 9 and G are measurable, second order stationary and stationary correlated. 
Using the chaos expansions F 9+Lp = In +ip (fn) and G 9 = Xm^nlffn) that comes from 
the fact that the bracket of the martingales X 9+lp and X 9 is 

(X e+ v,X e ) t = tcosip (2) 

So E[I d n +lp (f n )I 9 (g n )} = nl(f n , g n ) L 2 {Xn) cos™ tp and E[I e ^(f m )I e n (g n )} = if m is different 
of n. □ 

It follows that the stationary process H 9 possesses a spectral representation 

H 9 = Y,c n e me in (3) 

where the c n are real ;S and the £ n are orthonormal in L^(P). The norm \\H 9 \\ 2 which 
doesn't depend on 9 is the total mass of the spectral measure X^ c n- 

The c n are linked with the norms of the components of H on the chaos by formulas 
involving Bessel functions. In the case where H is an exponential vector, 

°° L(g)fc P -It- 

H = Y1 /fc (-fcT) = exp[ hdB ~2 h2dt] 

fc=0 

with h = f + ig what implies \\H\\ ? 2 = exp II /ill 2 , we have by (2) the covariance 

E[H 9 ^W] = ^hh\\? UXi) cos fc p = expdl/if cos 
fe 
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which is the Fourier transform of the spectral measure hence equal to ^2 n c^e mip . 
By the relation defining the Bessel functions J n (formula of Schlomilch) 

exp(i2; sin tp) = e m!fi J n (z) z£C, z / 0, 
nez 

it comes c 2 = i n J n (—i\\h\\ 2 ) and for n ^ (cf [15]) 

oo ^ I, , i|2 

„2 2 Y" 1 / ll ft H N2fc+n 

fc=o v y 

The variables c n £ n may be also expressed in terms of Bessel functions using the expression 
of exponential vectors for X e , cf formula (5) below. 



2.2. Chaotic structure of L 2 (F). 

This part is independent of the rest of the paper. It is devoted to the study of chaotic 
representations for X 6 . 

Let us first remark that the above considerations dont use the chaotic representation 
property for X e which is false if sin 9 cos 9 ^ 0, as it is well known cf for instance [7]. Let 
us denote L 2 (F x e) the vector space of <r(X e )-measurable random variables belonging to 
L 2 (P). That means that, if sin 6» cos (9 / 0, the vector space C(X e ) = {F e : F G L 2 (Pi)} 
which is closed in L 2 (¥ x e) has a non empty complement. 

If we consider the simplest example of the square of a functional of the first Brownian 
chaos F = J hdB with h G L 1 n L°°, we have F e = J hdX 9 and by Ito formula 

(F 6 ) 2 = 2 J J q Hs)dX e s h{t)dXf + J h 2 ds + sin 2 6 J h 2 dN 

since N = sin 9 X 9 + cos 6 X 9+7T / 2 , we see that 

F e = U + sin 2 e cos 9 J h 2 dX e+n / 2 

with U G C{X e ) and / h 2 dX e+7T / 2 orthogonal to C(X e ). 

It follows that for k G L 2 (R + ), J kdX e+1T / 2 G L 2 (¥ x e) and this implies 

Proposition 2. Let us suppose sin 9 cos 6 ^ 0. The a-fields generated by X e and X e+1T / 2 
are the same. The spaces L 2 (F x e) do not depend on 9 and are equal to L 2 (F). 

The intuitive meaning of this proposition is that on a sample path of X e it is possible 
to measurably detect the underlying Brownian and Poisson paths. 

The multiple stochastic integrals w.r. to X are not enough to fill L 2 (F x e). In view of 
the previous example, we may think to add the stochastic integrals w.r. to X 9+n / 2 , i.e. to 
add C(X e+n / 2 ), which is orthogonal to C(X e ) and included in L 2 (F x o). But this is not 
sufficient, we must add also the crossed chaos in the following manner: 
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Let us consider the vector martingale X 9 = (X e , X 6+n / 2 ). For h = (hi, h 2 ) € L 2 (M + , M 2 ) 
we may consider the stochastic integral f h.dX. , and more generally (notation of [4] Chap 
II §2) 

f.d^X. 9 (4) 



for / £ L 2 (A n , (M 2 )® n ). And using (2) for p = vr/2 we have 

/.dWX e ||i2(p) = ||/|| L 2( Anj ( R 2)®„). 



These stochastic integals define orthogonal sub-spaces of L 2 (P x e) = L 2 (P). Now consider- 
ing the exponential vector 

£ 6 (h 1 ,h 2 )=J2^ Yl [ h h ® ■ ■ ■ ® h in dX ai ■ ■ ■ dX a " 

n n - i k e{l,2} J 

where = 9 or 9+tt/2 according to if. = 1 or 2, and putting 8® (hi, h 2 ) for £ e (hil^ t ], h 2 l^ 0jt ]), 
we see that the following SDE is satisfied 

£ e t (hi, h 2 ) = l+ f £ e s -(hi, h 2 )(hidX 6 s + h 2 dX e s +7T / 2 ) 
Jo 

what gives 

£t(hi,h 2 ) =e v *-iPMi H(l + AV s )e- AV * (5) 



s < t 



with V t = £ hidX e + jj h 2 dX e+7T / 2 . We obtain 

Proposition 3. For any 9, the stochastic integrals (4) define a complete orthogonal de- 
composition o/L 2 (P). 

Proof, a) Let us suppose first sin 9 cos 9^0. Starting with (5) an easy computation yields 
that £®(hi,h 2 ) is equal up to a multiplicative constant to 
exp[J*Q (hi cos 9 — h 2 sin 9)dB + J * udN] where we have taken e u — 1 = hi sin 9 + h 2 cos 9. 
If we take a step function £ 6 L 2 (M+) and choose hi and such that 

hi sin + /i 2 cos 9 = e ^ sine -l 
hi cos 9 — h 2 sin = £ cos 

we obtain that exp[J belongs to the space generated by the chaos, and the result 

follows. 

b) Now if 9 = 0, X 6 * = (B,N). The above argument is still valid and 

£t(hi,h 2 ) = exp[ f hxdB-}- [ h\ds + / u 2 dN + / u 2 (is] 

with h 2 = e U2 — 1. That gives easily the result and the same in the other cases where 
sinflcosfl / 0. □ 

In other words L 2 (P) is isomorphic to the symmetric Fock space Fock(L 2 (W+, M 2 )). This 
implies the predictable representation property with respect to X e . 
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3. Derivative in and gradient of Malliavin. 

We come back to the setting of subsection 2.1 with stochastic integrals with respect to the 
real process X 9 . We want to study the behavior near 6 = using the fact that X° = B. 

But since we deal no more with chaotic representation we may replace ./V by any normal 
martingale M independent of B (for instance a centered normalized Levy process) define 
under a probability that we still denote P2 and as in subsection 2.1, P = Pi X P2. Let us 
put 

Y t e = B t cos 6 + M t sm.6 

and consider the chaotic extensions F 1— > F 9 with respect to Y 9 i.e. if F = ^n(fn) , 

then F 9 = £^Lq -^n(/n)) where from now on, I 9 denotes the multiple stochastic integral 
with respect to Y 9 . 

To see the connection with the Brownian chaos expansion, let us remark that - as in 
the preceding part - for any S £ K, the pair (Yi,!^) = (Y 9 , Y 9+7T / 2 ) is a vector normal 
martingale in the sense of [6] i.e. 

(Xi,Yj)t = Syt (6) 
this allows to prove the following property 

Proposition 4. For any F with finite Brownian chaos expansion, F = £)! = o -^n(,/n), fn 
symmetric, 

E[(^) 2 ]=£n!n||/J| 2 

k=0 

Proof. Our notation is F 9 = ££ =0 Jg (/*) and F° = F = ££ =0 Wfc)- 

Let us consider first In(fn) i n the case of an elementary tensor / n = 5l ® • • • ® 5n- We 
can write this multiple integral (with the notation of Bouleau-Hirsch [4] p79) 

I 9 n (fn) = n\ [ f n d^Y 9 =nl [\[ 9l ® • • • ® g n ^d^Y 9 }g n (s)dY 9 

JA„ JO JA„_i(s) 

so that 

j- e I 9 n {fn) = n\ I*i[J An _ l[s) 91 ® • • • ® g n -id^Y 9 ]g n (s)dY 9 

+ nl lo [/a„_ i(8 ) 91 ® • • • ® (/n-ld^-^yi^CsJdy/^ 2 

hence by (6) 

E[(i»/n)) 2 ] = (n!) 2 £ E[(^[/ An _ i(s) «?! ® • • • ® g n ^d^YW n (s)ds 

+(n!) 2 £ E[( J An _ iis) 91 ® • • • ® ffn-x^- 1 )^) 2 ]^^)^ 
what gives, running the induction down, 

m^Inifn)) 2 } = n(nlf / ( gi ® • • • ® 5n _! ® 9 „) 2 dA n = n.n!||/ n || 2 . 
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This extends to general tensors and similarly we can show that if k ^ £ 



what yields the proposition. 



□ 



We denote by B, the domain of the Ornstein-Uhlenbeck form. We recall that an element 
F = En^o Ufn) G £ 2 (Pl) belon g s to ^ iff 



^nn! || f n \\ 2 L 2< +00. 



n=0 



Let us take now an F € B, the random variables Y^k=o^k{fk) converge in L 2 (P) to F e 
uniformly in 9. Their derivatives - because f£D - form a Cauchy sequence and converge 
also uniformly in 9. This implies that F e is differentiable and that the derivatives of the 
Efc=o^fc(/fc) converge to the derivative of F 9 . So we have 

Proposition 5. V-F £ B the process 9 1— >• F 9 is differentiable in L 2 (P) and 



ye 



n(^F 9 ) 2 ] = Y,n 2 cl = ET[F] = 2£[F] 



where £ is the Ornstein- Uhlenbeck form and V the associated carre du champ operator. 

We also have the converse property: 

Proposition 6. Let F G L 2 (Pi). If the map 9 1— )• F e is differentiable in L 2 (P) at a certain 
point 9q G M. then F belongs to B. 

Proof. We write F = ^2 n In(fn) and consider a sequence (9k)k^ 1 which converges to #0 
and such that 9j~ 7^ 9q, for all fe ^ 1. As 

hm — — 

k—t+oo Vj~ — uq 

exists in L 2 (P) we deduce that there exists a constant C > such that 



Vfe > 1, 



p8k _ p9o 2 

L 2 ( 



9o 



E 



It(fn)-I e n °(fn) 



«c C. 



By the Fatou's Lemma and the previous Proposition, we get 

2 



Elim 



k -B 



ll/nllia ^ C, 



which yields the result. 

This provides the following result : 



□ 
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Proposition 7. For all F G B with chaotic representation F = f~, f(A)dB A 



dF 9 , d 



de ,a -° dO 



j f(A)d(B cos0 + M sin 9) A \e=o = J D S F dM s 



the righthand term is a gradient for the Ornstein- Uhlenbeck form that we may denote F^, 
so we have in the sense of L 2 (P) = L 2 (Pi x P 2 ) 

F 9 = lim -(F e - F). 

Proof. Let be F G B. We assess the distance between \{F e — F) and J D S F dM s by steps 
: distance between \{F e - F) and - F n ) ; between \{F* - F n ) and / D s F n dM s ; 

then between / D s F n dM s and J D S F dM s . 
By the preceding propositions 

\\l(F 9 -F)-±(FZ-F n )\\ 2 ^\\F-F n \\l 

We may choose n so that the first one and the third one be both small independently of 
9. And n being fixed we do 9 — > in the second one and apply the argument of the proof 
of Proposition 4. □ 

The classical integration by part formula, i.e. the property that the divergence opera- 
tor, dual of D, can be expressed by a stochasitic integral on predictable processes, is a 
consequence of propositions 5 and 7 by derivation in 9. 

Indeed let us denote A the closed sub-vector space of L 2 (F,L 2 (R + ,dt)) generated by 
the processes of the form f n d^B with /„ G L 2 (R n ). 

Lemma 8. For F G L 2 (V\), G G A, we have 

E[F e J G t dY t e+n/2 } = 0. 

Proof. By relation (6) the property is true if F has a finite expansion on the chaos hence 
alsoifFGL 2 . □ 

Let us denote now B_4 the closed vector space generated by the processes /^(t) fnd B 
with f n G L 2 (R n ) for the norm of B with values in L 2 (R + ). 

Proposition 9. Let be F G B and G G B^, we have 

f GidY!\=n^ f GidY^' 2 ] 

so that taking 9 = 

E[F J G u dB u ] =E[J D u FdM u f G u dM u ] =E[J D u FG u du}. 

Proof. We differentiate F e J GfdYf^^ 2 taking in account the lemma and the fact that 
yO+ir — —Y® □ 
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Remark 2. Taking anew iV for M, we may apply the previous reasoning at the point 
9 = vr/2. Denoting the operator of Nualart-Vives [12] which acts on the Poisson chaos 
as D acts on the Brownian ones, Proposition 7 says that for (f n ) such that ^ ?i!n||/ n || 2 < oo 
the Poisson functional F = E J n /2 (/n) is such that ^F d \ g=7T/2 = J D^FdB. 

And by Proposition 9 we obtain that the finite difference operator D^ N > of the Ornstein- 
Uhlenbeck structure on the Poisson space satisfies an integration by part formula (cf 0k- 
sendal and al [9] Thin 12.10) despite its non local character. 

Remark 3. In the case of another standard Brownian motion B for M, Proposition 7 gives 
exactly the derivation operator in the sense of Feyel-La Pradelle cf [4] Chap. II §2. 



d 
dB 



F 9 \ e=0 = F' = J D u FdB u 



In that case the situation is quite different from the one we had in Section 2. Indeed 
Y e = B cos 9 + B sin 9 does satisfy the chaotic representation property, so that the space 
{F 6 : F € L 2 (Pi)} is L 2 (F Y e). It is not possible to measurably detect the paths of B 
and B on those of Y 9 . But the concept of chaotic extension becomes simpler because it is 
compatible with the composition of the functions. It is valid to write in this case 

F e = F(B cos9 + Bsm9). 

Indeed, it is correct for F = $( J h\dB, . . . , J h^dB) with $ a polynomial by Ito formula 
and induction (what was false in the case of the Poisson process), and then for general F 
in L 2 by approximation. As a consequence, Proposition 7 gives a formula of Mehler type 
without integration for the gradient 

VFGD F' = J D u FdB u = ^F(B cos9 + B sin 0)\ e=o (7) 

and with integration for the carre du champ 

T[F] =E[(^F(Bco S 9 + Bsm9)) 2 \ e=0 } (8) 

where E acts on B as usual. By the change of variable cos 9 = e~ 1 / 2 this may be also 
written in a form similar to Mehler formula: 

F' = lim -=(F(BVe^ + y/l - e"*B) - F(B)) (9) 

what gives denoting Pt the Ornstein-Uhlenbeck semi-group 

T[F] = lim -(P t (F 2 ) - 2FP t F + F 2 ) (10) 
t^o t 

well known formula when F and F 2 are in the domain of the generator and that we obtain 
here for FgD. 

To our knowledge, formulae (7), (8) and (9) seem to be new under these hypotheses. 
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4. Functional calculus of class C 1 n Lip. 

Proposition 10. Let us suppose that the process H s be in B4 (cf proposition 9) then 



H s dB s )° = I (H s ) dY". 



Proof. The functional F = J H s dB s is in ID and has a chaotic expansion F = J p f(A)dL>A- 
Following the short notation of [6] (p203) if we put for E € V 

f t {E) = f(EU{t}) if EC [0,t[, = otherwise, 

and if g t = J p f t (E)dB E , then 

F = J f(A)dB A = /(0) + J g t dB t . 

Hence we have F 6 = f p f(A)dY% and (g t ) e = f p f t (E)dY° and 

F 6 = /(0) + f (gt) 9 dY t s 



t 1 

what proves the proposition. □ 

Let be F = (Fi,...,F fc ) € B k and $ G C 1 nLip(R k ,R), where in a natural way 
Lip(R k ,R) denotes the set of uniformly Lipschitz real- valued functions defined on R k . 
It comes from Proposition 7 and from the functional calculus in local Dirichlet structures 
the following result 

Proposition 11. When 9 — > 0, we have in L 2 (P) 

i[(c&(F 1 ,...,F fc )) e -a>(Ff,...,^)]^0. 
Proof. We have indeed in the sense of L 2 , the function being Lipschitz and C 1 

lim IMF?, ...,**)- <fr(F l5 ...,F k )] = EL *S(*i, . . • ,F fc )Ff 

= lim±[(<5>(F 1 ,...,F k )) e -$(F l5 ...,F fc )]. 

□ 

It follows that we may replace (<3?(i*i , . . . , F k )) e by 3>(F-f, . . . , F?) in applying the method. 
Let us define an equivalence relation denoted = in the set of functionals in L 2 (P) de- 
pending on 9 and differentiable in 1? at 9 = by 

F(wi,W2,0) * G(u u u2,e) if (J^le=o = ^ G l^=o and F| e=0 = G| 9=0 

Let us also define a weaker equivalence relation denoted ~ for functionals in L°(P) 
depending on 9 and differentiable in probability at 9 = by 

F(a>i,a;2,0) - Gfa^^O) if f-^F| e=0 = ^ G l0=o and F\ e=0 = G\ e =o 



the limits in the derivations being in probability. 
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Proposition 12. If H t (9) ^ K t {9) for all t then 

I H s {9)dY!= [ G s (6)dY s d . 
Jo Jo 

Proof. The equality of the value at zero of the two terms is evident, and differentiating the 
lefthand term in zero gives 



* dH s ( 



\ e =odB s + [ H s {0)dM s 
Jo 



de 

which is equal to the derivative of the righthand term. □ 

Let us consider a stochastic differential equation (SDE) with C 1 H Lip coefficients with 
respect to the argument x 

X t = x+ [ a{s,X s )dB s + [ b(s,X s )ds. (11) 
io Jo 

Let us recall that we are considering chaotic extensions F i— > F e with respect to Y e = 
BcosO + M sin6>. 

The following proposition shows that we can calculate the Malliavin gradient of the dif- 
fusion by perturbing the Brownian trajectories using an independent normal martingale 
such compensated Poisson process. 

Proposition 13. The chaotic extension X® of the solution of (11) is equivalent (relation 
=) to the solution Zt(9) of the SDE 

Z t (9) = x + f a(s, Z s (9))dY s e + / b(s, Z s {9))ds. (12) 
io Jo 

Proof. Let us denote (X n ) ng pj (resp. (Z n ) ng fsj) the approximating sequence in the Picard 
iteration applied to equation satisfied by X (resp. Z). We have first X® = Z® = x and 

X\ = x + a(s,x)dB s + / b(s,x)ds. 
Jo Jo 

By Propositions 10 and 11 

(Xlf=(x+[ a(s,x)dB s + [ b(s,x)ds S ) =x+[ a(s,x)dY s 9 + [ b(s,x)ds = Z\{9) 
\ Jo Jo J Jo Jo 



Then, 



so that 



Xl = x + f a{s,Xl)dB s + I b{s,Xl)ds, 
Jo Jo 

(X*)° = x+ f o-( S ,(Xl) d )dY° + f b(s,(Xl) e )ds 
Jo Jo 



what gives by Propositions 12 and 11: 



{X 2 t ) e =x + f a{s,Zl{9))dY° + fb{s,Z l s (9))d S = Z*{9). 
Jo Jo 
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By induction, we get easily that for all n G N, {X r t l ) e 91 Z\\8). But we know that X\ l 
converges to Xt as n tend to +00 not only in I? but in B since the coefficients of the 
SDE are Lipschitz (cf [4] Chap IV), and this implies that (X™) 9 converges to Xf and that 
f e {X?) e converges to f e X e t . 

Now, Z™(8) converges to Zt(9). and its derivative converges to a solution of 

Z' t (0) = [ t a' x (s,Z s (9))Z'MdY s e + f a(s, Z s (8))dY s e+ ^ 2 + f b' x (s, Z s (9))Z' s (9)ds 
Jo Jo Jo 

equation which has a unique explicit solution as linear equation in Z'(9) which is the 
derivative of Z(9). That proves the proposition. □ 

5. The unit jump on the interval [0, 1]. 

In order to express the preceding results on [0, 1] with a single jump, we propose two dif- 
ferent approaches. 



5.1. First approach 

We come back to the case M = N and to express the preceding results on the interval 
[0,1], we are conditioning by {iVi = 1}. This amounts to reasoning on 17i x {Ni = 1} 
under the measure P = Pi x P2 which gives it the mass e _1 . Then the unique jump is 
uniformly distributed on [0,1]. For a functional F G L 2 with expansion F = ^2 n In{fn), 
the expansion of the chaotic extension F e = Yln^n(fn) considered on the event {iVi = 1} 
is the same sum of stochastic integrals but with integrant the semi-martingale Vt{9) = 
Bt cos 9 + (lr ( j> ij\ — t) sin 8, in other words 

F e = [ f(A)dV A (9) on {Aq = 1}. 
Jv 

In the sequel, we use the fact that the notation 

/ f(A)dS A 
Jv 

makes sense for any semi-martingale S which admits the decomposition 

S t = M t + Lt, 

where M is a local martingale whose skew bracket is absolutely continuous w.r.t. the 
Lebesgue measure and L an absolutely continuous process. 
For example if U is uniform on [0, 1], then 

l {t>u} = Mt -log(l-t AC/), 

with M t = l{ t >u}+ log(l -tAU) and (M, M) t = - log(l - t A U). 

By absolutely continuous change of probability measure we may remove the term in — t sin 8: 
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Proposition 14. Let U be uniform on [0,1] independent of B. We put 
R t (Q) = B t cos (9 + l {t > u} sm6. Let be F £ D, F = J v f{A)dB A . we have 



HmJ(/ f{A)dR A {6)-F) = DuF 
9— >0 a J'p 



in probability. 



For the proof let us state the 



Lemma 15. Let be £ be an element in the Cameron- Martin space. 
aJIfFe LP forp>2 then 

limE[(F(B + tf) - F(B)) 2 ] = 0. 

b) If F £ L° then F(B + 1£) converges to F in probability as t tends to 0. 
Proof, a) We develop the square. The first term is 



E 



exp[t J ^B-^||e|| 2 ]F 2 



as F € L p p > 2 it is uniformly integrable and it converges to KF 2 . 

For the rectangle term, it is easily seen by change of probability measure that 

E[F(B + t£)G(B)] 

converges to E[FG] for G bounded and continuous. 

And we can reduce to this case by the above argument. 

b) We truncate F. If A n = {B : \F\ ^ n} by uniform integrability we can find n such 
that the probability of A n (B + t£) be ^ e for all t. The result comes now from part a). □ 

proof of proposition 14 : 

Puting C = {N\ = 1}, we are working under the probability measure Q = ex Pi X (P2|c)- 
The conditioning explained above yields the following relation in probability 

lim \{ [ f(A)dV A (9) — F) = DjjF - C D s Fds, (13) 

6M-0 V J-p J Q 
whose second member is D s FdN s restricted to {iVi = 1}. In order to have 

lim h [ f{A)dR A {0) — F) = D V F in probability, 

6-t-O 9 J-p 

we use that the identity map j is a Cameron-Martin function and that J D s Fds = 
(DF,^) LHds) . 

If we change of measure and take exp(— Bisin.9 — S1 ° e ).Q relation (13) writes saying 
that, for all e > 0, 



sin 2 ' 



exp(— Bi sin 6 )1 



ex- 



tends to zero, where we denote 



CI = {| lim h [ f{A)dR A (6) - F(B + j sm6)] 
9— >0 a J-p 



N. Bouleau and L. Denis/ 



14 



-D{jF(B + jsm.6) - [ D S F(B + j sm9)ds\ ^ e}. 
Jo 



1) Let us observe that 

'2 



sin „ 

(exp(— B\ sin 9 — ) - l)lc| 



tends to zero. What reduces to study 

2) We know that under <Q>, ±[F(B+j sin 6)-F(B)\ converges in probability to f Q D s Fds. 
The other two terms are processed by the lemma. 

We obtain indeed that under Q, ^[J-p f(A)d(B cos 9 + 1{ ^ jjy sin^)^ — F] converges in 
probability to F>ijF . □ 

If we are conditioning by the event {N\ = 1} the result of Proposition 13, the equation 
satisfied by Z{9) may be written 

Zt{0) = x+ f a(s,Z s (6))d(B s cos + £/} - a) sin 6)+ [ b(s,Z s (8))ds 

Jo Jo 

As in the proof of proposition 14 an absolutely continuous change of probability measure 
allows to remove the term in —ssind if we replace the result D\jZt — Jq D s Ztds by D\jZt- 
This change being done, the value at 6 = and the derivative at 6 = of Z{6) are the 
same as those of r/(9) solution of the SDE 



Vi 



(0) = x+ [ a(s,r] s {e))(dB s + l {s ^ u} e)+ [ b(s,r] s {e))d S . 
Jo Jo 



In other words we obtain the following result which might have been easily directly verified 
Proposition 16. The gradient of Malliavin D u Xf of the solution of the SDE 

Xf = x+ I <j{s,X x s )dB s + fb{s,X x s )ds 
Jo Jo 

may be computed by considering the solution of the equation 

Xf{6)=x+ I a(s,X*(e))d(B s + ei {s zu})+ f b{s,X*{9))ds 
Jo Jo 

and taking the derivative in at 6 = 0. 

Let us remark that since u is defined du-almost surely, we may in the equation defining 
Xf{0) put either a(s,X*(6)) or a{s,X*_(6)). 

Let us perform the calculation suggested in the proposition. That gives for u < t 

pu ft ru 

Xf{9)=x+ o-(s,X*)dB s + 9o-(u,X*)+ a(s, X x s (9)dB s + b(s,X*(9))ds 

Jo Ju Jo 

+ f b{s,X x s {8))ds 

J u 
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X?{9)=XZ + 0a(u,XZ)+ [ t a(s,X*(9))dB s + f b(s,Xf(9))ds. (14) 

J u J u 

Hence, denoting Y t x = 1 + /* a' x (s, X*)Y s x dB s + jj 6^(s, X*)Y s x ds and 

= y + f a(s, Xl )S )dB 8 + f b(s, X^ds (15) 

•/ U ill 

we see by comparing (14) and (15) that 

(16) 



z z(0) = x {x * +ea( - u > x *» 



et Xf = X^ 



so, derivating (14) with respect to 9 and (15) with respect to y, and then derivating the 
second relation of (16) with respect to x 



D U X? 



dXlt 
dy 



(17) 



This is a fast way of obtaining this classical result (transfert principle by the flow of 
Malliavin cf [11] Chap VIII). 

Proposition 16 is the lent particle formula for the Brownian motion. 

We see that the method of proof allows to obtain this formula without sinus nor cosinus 
for general F in D provided that we be able to find a functional regular in 9 equivalent to 
the chaotic extension of F. In particular the example of the introduction generalises in the 
following way : if 



F = $ 



( / f kl dB Sl ..-dB Ski ,..., f 

\Jsi<-<s kl J Si 



f K dB Sl ---dB 



<-< s k n 



with 6 L 2 (AfcJ and $ of class C 1 fl Lip, we have 



ni I / fkAB sl + 9\ {s >u )--- d{B Ski + 9l {s >u ),... 

>s 1 <---<s kl y 

The limit is in probability as in Proposition 14. 



F 



D,„F. 



5.2. Second approach 

Instead of performing a change of probability measure to remove the term —t sin 9 as in the 
previous approach, we consider M a Levy process with Levy measure ^(5-i(dx) + 5i(dx)) 
in place of N. Let us remark that we might have considered any Levy process whose Levy 
measure has mean and variance 1. M can be expressed as 

N t 

Vt^O, M t = ^2j n , 

n=l 

where N is a Poisson process with intensity 1 and (J n ) n a sequence of i.i.d. variables, 
independent of N such that 

f 2 (Ji = i) = P 2 (Ji = -l) = i. 
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Proposition 17. Let U be uniform on [0,1] independent of B. We put 
R t {Q) = B t cos9 + l {t > u} sinO. Let be F £ D, F = J v f{A)dB A . we have 



\\m\{! f{A)dR A {9)-F) = D u F 
8~>0 a J-p 



in L 2 (P). 



Proof. We denote by U\ the time of the first jump and by P2 the conditional law el.nv 1=1 iP2 • 
We consider 

R\(0) = B t cos9 + l{ t>Ul y8m.6 and R l t (9) = B t cos6 + Jil {t > Vl }sin9. 
The chaotic extension related to Yt{6) = Bt cos + Mt sin 9 satisfies 

V0, F e = [ f(A)dY A (9) = [ f{A)dR\(9) F 1 x P 2 a.e. 
Jv Jv 

As a consequence of Proposition 7, we have in the sense of L 2 (Pi x P2): 

lim \{F e - F) = [ D s FdM s = J x D Vx F. 
0->o 9 J 

Then, we remark that 

f f(A)dR 1 A (9) = J 1 F e + (l- Jocose [ f(A)dB A , 
Jv Jv 

lirnhf f{A)dR\{9)-F) = D Ul F in L 2 (F 1 x P 2 ). 
9->0 9 J-p 



and obtain 



□ 



5.3. Another example 

Remark 5. When we enlarge the field of validity of the calculus, by using the equiva- 
lence relation ~ instead of = to functionals in L°(P) depending on 9 and differentiable in 
probabibility at 9 = 0, the authorized functional calculus becomes C 1 instead of C 1 n Lip. 

For example let us consider a cadlag process K independent of B. And let us put 
M(B) = sup s ^ X (.B S + K 8 ). 

Proposition 18. M e ^ M{B + 01 { . ^ u} ) = M(Bcos9 + 1 { . > u} sin9). 

Proof. For the first equivalence, the value at 9 = is of course correct, and about the 
derivative we have 

M(B+ 91 1>U} ) 

= sup, ^ i((B s + K s )l {s<u} + {B s + 9 + K s )l {s > u} ) 
= max(sup s<C7 (S s + K 8 ), sup s > V (B S + 9 + K 8 )) 

Thus we have the convergence in probability 

lim -(M(B + 9l { , > u} ) - M(B)) = l {suPs ^ u{Bs+ k s ) > S u Ps<u {B 3 +K s )} 

This result is correct cf [13] for the gradient of M. The second equivalence is similar what 
shows the proposition. This implies that M possesses a density since T[M] = cannot be 
true except if sup(i? s + K s ) < Kq what is impossible since K is independent of B. □ 
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